Within the framework of the path-integral approach we study the quantum vortex creep for the situation where both the Hall and the dissipative dynamics are simultaneously present. We calculate the relaxation rate and the crossover temperature separating the thermal activation and the quantum tunneling processes for anisotropic or multilayer superconductors. The results are compared with the available experimental data. PACS number(s): 74.60.Ge
magnitude of the quantity ω 0 τ r , [8] therefore they proposed that the Hall motion should be dominant in clean HTSC. Most recently, however, van Dalen et al. [9] - [11] observed experimentally that in YBCO or BiSCCO systems, the vortex tunneling at low temperatures may occur in an intermediate regime between the purely dissipative and the superclean Hall tunneling. Prior to the experiments, Stephen [12] studied the quantum tunneling of vortex with the dissipative and the Hall terms by using the approximate form for the mean-square quantum fluctuation with a simple harmonic pinning potential up to a cutoff. As is noted in Ref. [13] , since the cutoff model potential can be considered to be of the form (q/q 0 ) 2 − (q/q 0 ) n with n → ∞ where q's are coordinates of the potential, the steep part of the model potential underestimates the suppression factor, i.e., the effective action in the case of damped systems. So they remarked that a special care should be taken in replacing the smooth potential by one which has a discontinuity.
In this paper, we study the quantum vortex tunneling for the case where the dissipative and the Hall dynamics are simultaneously present, considering the pinning potential barrier generated by disorder with a cubic term [2, 7, 14] along the x axis near criticality, which should better model the real pinning potential. Since the tunneling rate takes the form Γ Q ∝ exp(−S cl /h), where S cl is the least action obtained from the classical trajectory, we calculate the classical equations of motion in the imaginary time path-integral formalism. When both the dynamics are simultaneously considered for the equation of motion, the resultant integral equation becomes complicated by the presence of the cubic term in the pinning potential, which compels us to rely on numerical methods to obtain the solutions.
Our considerations will begin by discussing the pancake vortex in the xy plane with the length L c along the z axis, where L c is the collective pinning length which can be expressed in terms of the mass anisotropy parameter ε 2 a = m/M < 1, the coherence length ξ, and the depairing and critical current densities j 0 and j c ;
1/2 within the weak collective pinning theory. [2] The supercurrent characterized by the parameter ǫ = (1 − j/j c ) 1/2 is along the y direction. Since the length scale in this study is much larger than the size of a vortex core, a vortex can be regarded as a point-like object. Neglecting the inertial mass term in the equation of motion, Kopnin et al. [8] derived the following equation of motion:
where φ 0 = hc/2e is the flux quantum, u the distortion of the vortex from the equilibrium position in the xy plane, F p the pinning force, and η and α are the viscous and Hall drag coefficients given by [2, 8] 
Here α 0 = πhn s , τ r = m/ne 2 ρ n , ∆ =hv F /πξ, and n s is the density of charge carriers, m its effective mass, and v F the Fermi velocity.
To study the tunneling process at zero temperature, we need to consider the imaginary time path integral [15] Du x Du y exp(−S E /h).
Considering the effect of dissipation on the tunneling, we use the model introduced by Caldeira and Leggett [13] and others [2, 7, 12] in which dissipation is modeled by coupling the vortex degree of freedom to a bath of harmonic oscillators. By combining the pinning potential with a cubic term with the Lorentz term in Eq.
(2) the model potential for the pancake vortex is taken as [2, 7, 14 ]
where
, and λ xy is the bulk planar penetration depth. [16] Now, the Euclidean action of this system takes the form [17] 
where the so called nonlocal influential function becomes K 0 (τ ) = 1 2π ∞ 0 dωJ(ω) exp(−ω|τ |) where J(ω) is the spectral density whose form will be discussed later.
Let us now introduce u x0 , u y0 , and τ 0 as the length scales for u x , u y , and τ , respectively, which are to be set by the following scaling analysis for Eq. (6) . [18] A comparison of the quadratic potential term with the cubic one in the x direction determines the relevant length scale along x; u x0 ∼ ǫRc 1 /c 2 . Equating the quadratic potential terms in the x and y directions, we obtain the length scale for the displacement in the y direction; u y0 ∼ ǫ 3/2 Rc 3/2 1 /c 2 . The time scale for the imaginary time,
, is set by comparing the Hall term with the quadratic potential in the y direction. Keeping these points in mind, it is convenient to use the dimensionless variables
The Ohmic dissipation [2, 7, 12, 18] in Eq. (2), which is obtained if J(ω) = ηω after elimination of the oscillators, leads to the influential function
Then, the Euclidean action is simplified as
where the dimensionless Hall and dissipation coefficient are given by
Let us briefly consider the case of a pure Hall type which is relevant in superclean superconductors. [7] In this limit the integral (10) does not include η 1 -term.
x and ū cl y are classical trajectories in the Hall limit, the approximate least action takes the simple form
which agrees up to a numerical factor with the result in Table 1 obtained by the explicit instanton solution. In the case where the dissipation term is dominant in the vortex dynamics, [2] α 1 -term is not included in the integral (10) . Noting that
which is also consistent with the result in Table 1 up to a numerical factor. [19] In the intermediate regime, i.e. when the Hall and the dissipative dynamics are simultaneously present, the classical trajectories ofū x andū y should be determined by the Euler-Lagrange equation derived from Eq. (10):
As in the dissipative case, the equations (14) and (15) are nonlocal in time, which necessiates the Fourier transformation as follows:
andū
. Also, we note that Eq. (10) is reduced to
after Fourier transform and integrating over theū y (ω) variable.
Even though Eq. (16) is a one-dimensional problem with respect toū x , its analytic solution becomes complex by the presence of the nonlocal term arising from the cubic potential (5). We have therefore numerically solved the above integral equations as follows.
Let us introduce, for a given function F = F (ω),
With the function F (ω) in the above definitions replaced by the Fourier transformed classical pathū x (ω), the equation (16) corresponds to
Let us now define, for a given function F ,
If a trial function F has a set of adjustable parameters {p i }, δ F becomes a function of {p i } and if the set {p * i } which minimizes δ can be found, the function F with the parameter set {p * i } will be the desired solution of the integral equation. As shown in Table 1 , a natural choice for the trial function F for general values of α 1 and η 1 would be to linearly combine the two extreme solutions such as
where p 1 , p 2 , p 3 , and p 4 are parameters to be controlled in the variational procedure.
We have carried out minimization of δ of Eq. (22) The accuracy of the variational method has been also checked by comparing the solutions by this method with those by the direct iterations of differential equations (14) and (15) in the range of ω 0 τ r where the solutions by the iteration method are available. [21] The two solutions always match excellently, which confirms that our variational method produces true instanton solutions.
Typical instanton solutions thus obtained are illustrated in Fig. 1 . The classical Euclidean action S cl is given by a numerical integration of Eq. (10) with the instanton solutions. We then have the relaxation rate or the magnetic viscosity Q(T = 0) which equalsh/S cl , in other words, Q(0)/Q 0 = 2 √ 2/I where
Here we have set c 1,2 to be 1 and replaced R by the coherence length ξ. The results of evaluation of Q(0)/Q 0 versus ω 0 τ r for ǫ = 1, 0.1, 0.01, and 0.001 are shown in Fig. 2 . We first point out that our Q(0)/Q 0 is different from the result in Ref. [12] , which reflects the fact that the infinitely steep potential which underestimates the suppression factor is carefully treated in our model potential. [22] As is noted in Table 1 (16) which is also understood by the solutionū x (ω) in Table 1 , we find that from Eqs. (9) and (18) the correction to the pure Hall classical action S H 0 by the small dissipation η 1 is of the order η 1 /α 1 , that is, the corrected classical action becomes
which increases monotonically as a function of ω 0 τ r in the large ω 0 τ r regime. The fact that the classical action increases (or the corresponding relaxation rate decreases) by inclusion of the dissipation is well known in the macroscopic quantum tunneling problems, which is also physically clear in the sense that the dominant (Hall) motion is hindered by the frictional force, resulting in decreasing the relaxation rate. In the opposite limit, on the other hand, the correction to the pure dissipative action S D 0 by the small Hall contribution α 1 is of the order (α 1 /η 1 ) 2 .
The corrected classical action is then
. Q now decreases monotonically as a function of ω 0 τ r in the small ω 0 τ r regime. Therefore, it is expected that there exists a minimum of Q in the intermediate range of ω 0 τ r because the relaxation rate decreases monotonically for small ω 0 τ r but increases monotonically for large ω 0 τ r . This suggests us to predict observation of minimum in an experiment.
As is shown in Fig. 2 , our results are valid in any value of ǫ ≤ 1. It is well known that the tunneling rates get larger for smaller ǫ since the height and the width of the barrier are proportional to the parameter ǫ. However, there might exist the quantum tunneling even in the absence of the external current, i.e., ǫ = 1. Actually the existence of the quantum tunneling is determined by estimating the magnitude of the quantum tunneling rate Γ Q . If we apply our result of ǫ = 1 to the existing experimental data, [16] where Q(0)/Q 0 ≈ 2.3 and Q In the thermal activation regime, the classical solutionsū x (τ ) andū y (τ ) do not depend onτ [24] and the integration range in Eq. (10) reduces to between −β/2 andβ/2 whereβ = βh(
Then we obtain the classical action
, and the corresponding escape rate
which is the Boltzmann formula representing a pure thermal activation. Comparing Γ T with Γ Q (∝ exp(−S cl /h)), we have the crossover temperature k B T 0 ∼ Aǫ 1/2 Q(0)/Q 0 from the thermal to quantum regime where
and find that the quantum process dominates at T < T 0 . Using ξ = 1.5nm (2.0nm), λ = 150nm (250nm), [25] and n s = 5 × 10 27 /m 3 (3.5 × 10 27 /m 3 ) for YBCO multilayer systems (BiSCCO single crystal), for ǫ = 1 we get T 0 ∼ 9.48 K (2.36 K) which agrees reasonably with the experimental results.
In conclusion, we have studied the quantum vortex creep for the case where the Hall and the dissipative dynamics are simultaneously present by using the standard instanton method. We have introduced the cubic potential term to better model the pinning potential and solved the resultant integral equations numerically.
In a comparison with available experimental data, our results indicate that the quantum vortex creep may occur in an intermediate regime between the Hall and the dissipative regimes for highly anisotropic and multilayer superconductors. It has been also found that there exists a minimum in a scan of the relaxation rate by ω 0 τ r for every ǫ we have studied, whose observation we predict in an experiment with nonzero external currents. The temperature is set to zero in this study, but an extension to finite temperatures will be discussed elsewhere. It will be also interesting to apply our approach to systems with columnar defects produced by irradiation with heavy ions. Hall [7] dissipative [6, 20] . Also is shown, to logarithmic accuracy, the relaxation curve (e) from Ref. [12] (Eqs. (16) and (20)). Note that the approximate value of Q(0)/Q 0 becomes 15/18 in the Hall limit (ω 0 τ r ≫ 1) and 2ǫ 1/2 /(πω 0 τ r ) in the dissipative limit (ω 0 τ r ≪ 1). In the inset the plot (a) for ǫ = 1 is magnified. 
